Every ring considered in this paper will be assumed to be commutative and to contain an identity element. A ring R will be said to be a W-ring (or to have property W) if each ideal of R may be uniquely represented as an intersection of finitely many primary ideals. A ring R will be called a W*-ring (or to have property W*) if R is a W-ring and every ideal of R contains a power of its radical. A quasi-local ring is a ring with exactly one maximal ideal. An integral domain D is strongly integrally closed if it has the following property: If x is an element of the quotient field K of D such that all powers of x are in a finite £>-module contained in K, then x£D.
This paper gives necessary and sufficient conditions that a ring be a W-ring. The ideal theory of W-rings and W*-rings is also investigated. Mori [3] has given necessary and sufficient conditions for a ring to be a W-ring, but his characterization of such rings is fairly involved due to the fact that he does not assume his ring has an identity.
The terminology used in this paper is that of Zariski Clearly P is the unique minimal prime ideal of R. Since M is a minimal prime ideal of P + (p), V(p) = M so that (p) is primary for M [6, p. 153] . For some integer n, (pn) = (p)nÇ^Q. From the minimality of Q among those ideals primary for M, we have Q = (p)n = (p)n+1 = • • • , a contradiction. Thus R has dimension one. Now let M be the maximal ideal of R and let P be a nonmaximal prime ideal of R. We first show that if Q is primary for M, then PEQ-If this were not the case, then as above we may assume PC\Q= (0). From the one-dimensionality of R, P and M are the only two prime ideals of R. Hence if qEQ, qEP, (q) is primary for M so that Q=(q) = (q2), again a contradiction.
We proceed to show that P=(0).
By what we have just shown, if pEP and p is in no other minimal prime ideal of R, then (p) is P-primary. Also, if mEM and m is in no minimal prime ideal of R, (m) is Af-primary. Hence (p)^P^im). Then for some y ER, p = my. Since ip) is P-primary and mEP, yEip) so that p = msp. Now 1-sm is a unit in R so that p = 0. Therefore P= (0) and R is a domain as asserted.
Theorem 1. A ring is a W-ring if and only if it is a finite direct sum of primary rings and one-dimensional integral domains in which every nonzero ideal is contained in only finitely many maximal ideals.
Proof. We first prove that a one-dimensional integral domain J in which every nonzero ideal has only finitely many maximal ideal divisors is a W-domain. Thus if A is a nonzero ideal of J and if Mx, M2, ■ ■ ■ , Mi is the set of maximal ideals containing A, we let Qi be the If ¿-primary ideal JC\AJMi-Clearly AQB = Qxi\ ■ • ■ i\Qt.
But for any maximal ideal M of /, AJM = BJM so that A =B. The uniqueness of the representation follows easily from the fact that J is one-dimensional [5, p. 45] . Thus by Property 3, it is clear that the condition given is sufficient.
We now suppose that R is a PF-ring and (0) Proof. In view of Theorem 3 and the obvious validity of the theorem for primary W*-rings, it suffices to prove the theorem in the case when R* is a domain and A is a prime ideal, and even in this case we may assume that R* is quasi-local and A its maximal ideal. Then if aEA, a5^0, then (a2) is ^4-primary and a(£ia2). Since (a2) contains a power of A, a£D^4" so that 0.4" = (0) and our proof is complete. Proof. To show D is Dedekind, it suffices to show that if P^ (0) is a prime ideal of D, then P is invertible [4] . D is one-dimensional so that if pEP, pT^O, P is a prime ideal belonging to ip). Hence ip) :PDip)-Let aEip): P, aEip)-If P-1 is the set of all elements s of K such that sPQD, then a/pEP~\ a/pED. Now PQPP^QD so that either P = PP-1=(PP-1)P~1= ---or P is invertible. If P = P(P~1)k for each positive integer k, and if tEP~l, all powers of t are in the finite 7)-submodule of K generated by l/p. Since D is strongly integrally closed, tED so that P-1Ç7>, a contradiction. Hence P is invertible.
The following example of Krull demonstrates that Theorem 4 need not be valid if D is integrally closed in the ordinary sense. It also shows that a quasi-local IF*-domain need not be Noetherian.
Let K be a field and let D be the set of all elements/(x, y)/g(x, y)
such that x does not divide g and /(0, y)/g(0, y)EK. It is readily 
